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Abstract
We study supersymmetric quantum mechanics on RPn,SO(n),G2 and U(2) to
examine Witten’s Morse theory concretely. We confirm the simple instanton pic-
ture of the de Rham cohomology that has been given in a previous paper. We use
a reflection symmetry of each theory to select the true vacuums. The number of
selected vacuums agrees with the de Rham cohomology for each of the above man-
ifolds.
1
1 INTRODUCTION
In a previous paper,1 the author has investigated Witten’s Morse theory2 for SO(n).3
Instanton effects between adjacent classical vacuums have been studied. Using
reflection symmetries of the theory, a selection rule for true vacuums has been
given. This selection rule works well, at least for n ≤ 5;1 the number of selected
vacuums agrees with the de Rham cohomology of SO(n). The main purpose of
this paper is to show that the selection rule works well for arbitrary n. We also
apply the selection rule to some related manifolds RPn,G2 and U(2) ;RP1 ≃ SO(2),
RP3 ≃ SO(3),G2 ⊂ O(7) and U(2) ≃ SO(2) × SU(2).
This paper is organized as follows: In Sec.II we review supersymmetric quantum
mechanics on a manifold M . The selection rule for true vacuums is stated in this
section. The manifold RPn are studied in the third section. The manifold RPn
are simple and this section will be helpful to understand the following sections. In
Sec.IV the de Rham cohomology of SO(n) is derived for arbitrary n by the selection
rule. The manifolds G2 and U(2) are discussed in Sec.V and VI, respectively. The
results are summarized in the last section.
2 SUPERSYMMETRIC QUANTUM MECHAN-
ICS ON A MANIFOLD
The supersymmetric hamiltonian on a manifold with Morse function h is given by
Hˆ = −
1
2
(dhd
†
h + d
†
hdh), (1)
where dh = e
−hdeh, d
†
h = e
hd†e−h, d is the exterior derivative and d† is its adjoint
operator. In (any) coordinetes {xµ}, the exterior multiplication edxµ and the interior
multiplication i ∂
∂xµ
can be identified with the fermion creation operator ψˆ∗µ and the
annihilation operator ψˆµ and we have
d = ψˆ∗µ∇µ, d
† = g−
1
2∇µg
1
2 gµν ψˆν , (2)
2
where g is the determinant of the metric tensor gµν and∇µ is the covariant derivative
∇µ =
∂
∂xµ
− Γλµν ψˆ
∗νψˆλ. (3)
The hamiltonian Hˆ [(1)] takes the form:
2Hˆ = −g−
1
2∇µg
1
2 gµν∇ν +Rµνστ ψˆ
σψˆ∗τ ψˆ∗ν ψˆµ + gµν
∂h
∂xµ
∂h
∂xν
+Hµν [ψˆ
∗µ, ψˆν ], (4)
where Rµνστ is the Riemann tensor, and Hµν is the Hessian matrix
Hµν = (∂µ∂ν − Γ
λ
µν∂λ)h. (5)
The corresponding Lagrangian is
L =
1
2
gµν
dxµ
dt
dxν
dt
+
1
2
gµν
∂h
∂xµ
∂h
∂xν
+ ψ∗µ(
d
dt
ψµ − Γ
λ
µνψλ
dxν
dt
)
+Hµνψ
∗νψµ +
1
4
Rµνστψ
µψνψ∗σψ∗τ . (6)
The gradient flow equation of (6) is
dxµ
dt
= ±gµν
∂h
∂xν
. (7)
A relevant instanton solution satisfies (7) and connects adjacent critical points.
There is one classical vacuum for each critical point of h.2 Around each critical
point, h has the expansion
h = h0 +
∑
i
λiξ
2
i , (8)
where λi are eigenvalues of the Hessian matrix and ξi are the corresponding local
coordinates. The classical vacuum around a critical point corresponds to an l−form:
|l〉 =
∏
λi<0
ψˆ∗ξi |0〉, (9)
where l represents the number of the excited fermions(the negative eigenvalues) and
|0〉 is the bosonic vacuum.
The true vacuums are determined by the quantum tunneling between adjacent
classical vacuums (9). According to Witten,2 one has
〈l + 1|dh|l〉 =
∑
γ
nγe
−(h(P (l+1))−h(P (l))), (10)
3
where nγ is an integer assigned for each instanton path γ from P
(l) to P (l+1). If a
state |l〉 does not couple with any adjacent classical vacuums, that is if dh|l〉 = 0
and 〈l|dh = 0 , |l〉 is a true vacuum.
If there are plural instanton paths connecting a pair of adjacent critical points, it
is not so easy to determine whether the matrix element (10) is zero or not, because
of the notorious minus signs associated with fermions. In fact, for SO(n), there are
exactly two instanton solutions between each pair of adjacent classical vacuums.1
The selection rule given in Ref.1 is as follows. Find a reflection transformation
that leaves h, dh, d
†
h, and consecuently Hˆ invariant and that interchanges the two
instanton paths. If the parities of a pair of adjacent classical vacuums are the same,
the corresponding matrix element does not vanish, and the two classical vacuums
are not true vacuums. If the parities of the two classical vacuums are different, the
corresponding matrix element vanishes, and the two classical vacuums can be true
vacuums. Repeat this for each pair of adjacent classical vacuums, and one obtains
all true vacuums.
In the following sections, we apply this selection rule to SO(n) and some related
manifolds . We see that the number of true vacuums agrees with the de Rham
cohomology for each manifold.
3 RPn
In this section, we discuss the real projective space RPn, which is very simple but
non-trivial. The manifold RPn can be identified with (n+1)× (n+1) real matrices
A with conditions At = A,A2 = A and trA = 1.4 Concretely, we have
A = (xixj), i, j = 0, 1, 2, · · · , n, (11)
where
n∑
i=1
x2i ≤ 1 and x0 =
√√√√1− n∑
i=1
x2i . Let us introduce the following polar
coordinates
x1 = sin θ1 cos θ2,
4
x2 = sin θ1 sin θ2 cos θ3,
...
xn−2 = sin θ1 sin θ2 · · · sin θn−2 cos θn−1,
xn−1 = sin θ1 sin θ2 · · · sin θn−2 sin θn−1 cos θn,
xn = sin θ1 sin θ2 · · · sin θn−2 sin θn−1 sin θn, (12)
with −π2 ≤ θi ≤
π
2 .
Fix real numbers c0, c1, · · · , cn with ci+1 > 2ci > 0. Then
h =
n∑
i=0
cix
2
i (13)
is a Morse function on RPn
4 with critical points P (l)
P (l) = diag(0, 0, · · · , 0, x2l = 1, 0, · · · , 0). (14)
Around P (l), h has the expansion
h = (c0 − cl)(x0xl)
2 + · · ·+ (cl−1 − cl)(xl−1xl)
2 + cl
+ (cl+1 − cl)(xl+1xl)
2 + · · · + (cn − cl)(xnxl)
2. (15)
The classical vacuum around P (l) is l fermions excited state
|l〉 = ψˆ∗0lψˆ
∗
1l · · · ψˆ
∗
l−1l|0〉, (16)
where ψˆ∗ij is the fermionic mode corresponding to xixj.
We introduce a metric on RPn and find reflection symmetries of the theory and
instanton solutions concretely. We introduce the following metric
gij =
1
2
tr
∂At
∂θi
∂A
∂θj
. (17)
The non-zero components of gij and Christoffel symbols are
g11 = 1, gii = sin
2 θ1 sin
2 θ2 · · · sin
2 θi−1 , i = 2, · · · , n
Γjij = cot θi , i = 1, · · · , n− 1, j = i+ 1, · · · , n. (18)
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The Morse function h [(13)], the metric gij and the corresponding supercharge
d = ψˆ∗i∇i = ψˆ
∗i(
∂
∂θi
− cot θi
n∑
j=i+1
ψˆ∗jψˆj), (19)
are invariant under the following transformations
[i] : θi, ψˆ
∗i, ψˆi → −θi,−ψˆ
∗i,−ψˆi , i = 1, · · · , n. (20)
Subsequently, the theory is invariant under these reflection transformations. Under
the transformation [i], xj transform to −xj if j ≥ i, and xj are invariant if j < i.
The fermionic modes ψˆ∗jk have the same transformation properties as xjxk
From the gradient flow equation (6), we have
dθi
dt
= (c0 − ci−1 + (ci − c0) cos
2 θi+1 + (ci+1 − c0) sin
2 θi+1 cos
2 θi+2
+ · · ·+ (cn − c0) sin
2 θi+1 sin
2 θi+2 · · · sin
2 θn) sin 2θi, i = 1, · · · n− 1,
dθn
dt
= (cn − cn−1) sin 2θn. (21)
One finds that there are exactly a pair of instanton paths that connect |l − 1〉 and
|l〉 [(16)]
A =


l − 1 l
0
. . .
0
l − 1 cos2 θl ± sin θl cos θl
l ± sin θl cos θl cos
2 θl
0
. . .
0


, (22)
where 0 ≤ θl ≤
π
2 . Each of these two instanton solutions causes non-zero instanton
effect between |l − 1〉 and |l〉.
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Let us consider the transformation [l]. This transformation interchanges the two
instanton paths. Under this transformation the two classical vacuums transform as
|l − 1〉 → |l − 1〉, |l〉 → (−1)l|l〉. (23)
Thus if l is even, the two classical vacuums |l − 1〉 and |l〉 have the same parities,
which means that the classical vacuums |l − 1〉 and |l〉 are quantum mechanically
coupled, and are not true vacuums.1 If l is odd, the two classical vacuums |l − 1〉
and |l〉 have the opposite parities and the two instanton effects cancel each other.
One obtains the following results. For n =even there is only one true vacuum |0〉,
and for n =odd there are two true vacuums |0〉 and |n〉. These results agrees with
the de Rham cohomology of RPn;for n =even, there is one non-zero betti number
b0 = 1, and for n =odd, there are two non-zero betti numbers b0 = bn = 1.
4 SO(n)
In Ref.1, all the classical vacuums, all the instanton solutions and symmetry trans-
formations are identified for a certain Morse function on SO(n). We review them
to find true vacuums for arbitrary n.
Let A = (aij) be a group element of SO(n), and fix real numbers c1, c2, ..., cn
with ci > 2ci+1 > 0. Then
h =
n∑
i=1
ciaii, (24)
is a Morse function4 on SO(n) with critical points P (l),
P (l) = diag(ǫ1, ǫ2, · · · , ǫn), ǫi = ±1,
∏
i
ǫi = 1. (25)
The Morse index of P (l) is
n∑
i=1
(n − i)1+ǫi2 . Around each critical point, h has the
expansion
h =
∑
i
ǫici +
∑
i<j
(λijξ
2
ij + µijη
2
ij), (26)
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where
λij = −
ǫj − ǫi
4
(cj − ci), ξij = aij + aji, (27)
µij = −
ǫj + ǫi
4
(cj + ci), ηij = aij − aji. (28)
A vacuum state which is localized around a critical point with the Morse index
l is
|l〉 =
∏
i<j
∏
ǫi=ǫj=1
ψˆ∗ηij
∏
ǫi>ǫj
ψˆ∗ξij |0〉. (29)
There are exactly a pair of instanton solutions between the critical points diag(ǫ1, ǫ2,
· · · , ǫi−1,−1, 1, ǫi+2, · · · , ǫn) and diag(ǫ1, ǫ2, · · · , ǫi−1, 1,−1, ǫi+2, · · · , ǫn) :

ǫ1
. . .
ǫi−1
cos θ ∓ sin θ
∓ sin θ − cos θ
ǫi+2
. . .
ǫn


. (30)
Some changes of the sings are needed in (30) for the instanton solutions between
the critical points diag(ǫ1, ǫ2, · · · , ǫn−2,−1,−1) and diag(ǫ1, ǫ2, · · · , ǫn−2, 1, 1).
The theory is invariant under each of the supersymmetric generalizations1 of the
following reflection transformations
aij → −aij and aji → −aji , j 6= i, i = 2, 3, · · · , n. (31)
and the transposition
aij → aji. (32)
We call the corresponding supersymmetric transformations as [i] and [t], respec-
tively. Supersymmetric generalization means that the corresponding fermionic modes
are also transformed. A transformation that is useful to elucidate true vacuums is
the transformation that interchanges the two instanton solutions (30).
For the instanton process corresponding to (30), the transformation [i] is rel-
evant. From (29), one sees what kind of fermionic modes are newly exited or
8
suppressed in this process. In this process, only the fermionic modes including
the indices i or i + 1 can newly be exited or suppressed. At first, the fermionic
modes ψˆ∗ki and ψˆ
∗
ki+1, k = 1, · · · , i− 1, are excited in pair ψˆ
∗
ξki
ψˆ∗ηki+1 if ǫk = 1. They
change into ψˆ∗ηkiψˆ
∗
ξki+1
in this process, but do not cause any changes in their parities.
In this process, the mode ψˆξii+1 is newly exited. As for the fermionic modes ψˆ
∗
ik
and ψˆ∗i+1k, k = i + 1, · · · , n, the corresponding exited modes are ψˆ
∗
ηi+1k
and ψˆ∗ξi+1k ,
for ǫk = 1 and ǫk = −1, respectively. In this process they change into ψˆ
∗
ηik
and
ψˆ∗ξik ,respectively. Thus, in this process the number of the index i increases by n− i,
and the number of the index i + 1 diminishes by n − i − 2 in the exited fermionic
modes. The number of exited η-modes does not change, so this process is not pro-
hibited by the transformation [t]( the instanton process below (30) is prohibited by
[t]). Taking the transformation [i] or [i+ 1] into consideration, we see that the two
instanton effects cancel each other if n− i is odd, and they add up if n− i is even.
Applying this simple rule to all the instanton solutions, one can easily select all true
vacuums.
Let us first consider SO(2n− 1). We mark the elements of the critical points off
two by two
diag(ǫ1, ǫ2 | ǫ3, ǫ4 | · · · | ǫ2n−3, ǫ2n−2 | ǫ2n−1). (33)
From the above rule, one sees that there are instanton effects between the two states
around the following critical points
diag(ǫ1, ǫ2 | · · · | 1,−1 | · · · | ǫ2n−1)↔ diag(ǫ1, ǫ2 | · · · | −1, 1 | · · · | ǫ2n−1). (34)
On the contrary, if ǫ2i−1 = ǫ2i(i = 1, 2, · · · n − 1) , the corresponding state does
not affected by instanton effects, and it is decided to be a true vacuum. Thus, the
critical points that correspond to true vacuums are
diag(ǫ1, ǫ1 | ǫ3, ǫ3 | · · · | ǫ2n−3, ǫ2n−3 | 1). (35)
Their Morse indices are
2n−3∑
i=odd
(4n− 3− 2i)ǫi. This formula agrees with the de Rham
9
cohomology of SO(2n− 1):Λ(x3, x7, · · · , x4n−5).
5
In the same way, for SO(2n), the critical points that correspond to true vacuums
are found to be
diag(ǫ2n−1 | ǫ1, ǫ1 | ǫ3, ǫ3 | · · · | ǫ2n−3, ǫ2n−3 | ǫ2n−1). (36)
Their Morse indices are
2n−3∑
i=odd
(4n− 3− 2i)ǫi + (2n− 1)
ǫ2n−1 + 1
2
, which agrees with
the de Rham cohomology of SO(2n):Λ(x3, x7, · · · , x4n−5, x2n−1).
5
5 G2
The group G2 is a 14-dimensional submanifold of O(7). An element A of G2 is given
by three 7-components vectors ai(i = 1, 2, 4);
M(7, 3;R) ⊃ G2 ∋ A = (a1, a2, a4), (37)
with conditions |ai| = 1(i = 1, 2, 4) and (a1, a2) = (a1, a4) = (a2, a4) = (a1a2, a4) =
0. The inner product and the absolute value are defined by (ai, aj) =
7∑
k=1
akiakj,
|ai| =
√
(ai, ai) and the products aiaj are defined using octonians(see Appendix ).
Fix real numbers c1, c2 and c4 with c1 > c2 > c4 > 0. Then
h = c1a11 + c2a22 + c4a44 (38)
is a Morse function on G2.
4 This Morse function has eight critical points with
the Morse indices l = 0, 3, 5, 6, 8, 9, 11 and 14. We are interested in the following
four classical vacuums |5〉, |6〉, |8〉 and |9〉 which are localized around the critical
points (a11, a22, a44) = (−1, 1,−1), (1,−1,−1), (−1, 1, 1) and (1,−1, 1), respectively.
Around each critical point (ǫ1, ǫ2, ǫ4), h has the expansion
4
h =
∑
i
ǫici +
1
2
∑
i<j
(λijξ
2
ij + µijη
2
ij)− ǫ1c1(a
2
31 + a
2
51 + a
2
71)− ǫ2c2(a
2
32 + a
2
62 + a
2
72)
−ǫ4c4(a
2
54 + a
2
64 + a
2
74)−
1
9
(a34 a52 a61)B(a34 a52 a61)
t,(39)
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where i, j = 1, 2, 4 ,λij , µij , ξij and ηij are defined by (27) and (28), and B is the
following 3× 3 matrix
B =

 4ǫ4c4 + ǫ2c2 + ǫ1c1 2ǫ2c4 + 2ǫ4c2 − ǫ1ǫ2ǫ4c1 2ǫ1c4 − ǫ1ǫ2ǫ4c2 + 2ǫ4c12ǫ2c4 + 2ǫ4c2 − ǫ1ǫ2ǫ4c1 ǫ4c4 + 4ǫ2c2 + ǫ1c1 ǫ1ǫ2ǫ4c4 − 2ǫ1c2 − 2ǫ2c1
2ǫ1c4 − ǫ1ǫ2ǫ4c2 + 2ǫ4c1 ǫ1ǫ2ǫ4c4 − 2ǫ1c2 − 2ǫ2c1 ǫ4c4 + ǫ2c2 + 4ǫ1c1

 .
From (39) one finds classical vacuums as
|5〉 = |a32, a62, a72, a24 + a42, (a34, a52, a61)〉,
|6〉 = |a31, a51, a71, a12 + a21, a14 + a41, (a34, a52, a61)〉,
|8〉 = |a32, a62, a72, a24 − a42, (a34, a52, a61), a54, a64, a74, 〉,
|9〉 = |a31, a51, a71, a12 − a21, a14 − a41, (a34, a52, a61), a54, a64, a74〉, (40)
where the modes in the ket vectors denote exited fermionic modes and (a34, a52, a61)
represents a certain linear combination of a34, a52 and a61.
Let us discuss instanton solutions of G2. Embedding G2 into O(7)(see Ap-
pendix), we see that the critical points that corresponds to |5〉, |6〉, |8〉 and |9〉 are
elements of SO(7). The Morse function (38) will be obtained from (24) by imposing
some restrictions on the coordinates for SO(7). Accordingly, instanton solutions
of G2 should be included in that of SO(7). Consider the pair |5〉 and |6〉. There
are four instanton solutions of SO(7) that connect (a11, a22, a44) = (−1, 1,−1) and
(1,−1,−1) (these are diag(−1, 1,−1,−1, 1,−1, 1) and diag(1,−1,−1,−1,−1, 1, 1)
in SO(7), respectively):

cosα ± sinα
± sinα − cosα
−1
−1
− cos β ± sin β
± sin β cos β
1


, (41)
Setting α = β , Eq.(41) represents two paths in G2 and gives two instanton solutions
in G2. Thus, we have found that there are exactly two instanton solutions in G2
that connect |5〉 and |6〉. Under the transformation a12 → −a12,a21 → −a21, which
11
induces the transformation a56 → −a56, a65 → −a65 in terms of O(7), the two
instanton solutions are interchanged. We use this transformation to elucidate true
vacuums. In the same way, one finds that there are two similar instanton solutions
between |8〉 and |9〉.
We will determine whether there are instanton effects or not between the classi-
cal vacuums (40). A reflection transformation that is useful to this purpose is such
transformation under which the following each set of modes (a12, a21), (a34, a52, a61),
(a14, a41) and (a24, a42) has the same parities. For SO(n), we have seen that a re-
flection transformation that transform a group element to a group element makes
the theory invariant.1 As G2 is a subgroup of O(7), some reflection symmetries for
SO(n) will survive as symmetries for G2 with suitable restrictions. For G2, one finds
eight reflection transformations that transform a group element to a group element.
These eight transformations , which are certain combined transformations of [i] for
SO(n), will be symmetries of the theory. Among these eight transformations, the
four transformations in Table I interchange the two instanton solutions (41) with
α = β.
Table I.
The classical vacuums |5〉 and |6〉 have the same parities under each of the four
transformations. Thus, the matrix element 〈6|dh|5〉 is non-vanishing, and |5〉 and
|6〉 are not true vacuums. In the same way, one finds that |8〉 and |9〉 are not true
vacuums. We have found that true vacuums are |0〉, |3〉, |11〉 and |14〉 in accordance
with de Rham cohomology of G2; bp = 1 for p = 0, 3, 11, 14 and bp = 0 for the
others.
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6 U(2)
In this section we discuss U(2), which is topologicaly identical with SO(2)× SU(2).
We parametrize an element A of U(2) as
A =
(
x11 + iy11 x12 + iy12
x21 + iy21 x22 + iy22
)
=
(
cos θei(α+φ+ψ) − sin θei(α+φ−ψ)
sin θei(α−φ+ψ) cos θei(α−φ−ψ)
)
, (42)
0 ≤ θ ≤ π, 0 ≤ α, φ, ψ ≤ 2π.
Fix real numbers c1, c2 with c2 > 2c1 > 0. Then
h = c1x11 + c2x22 = (c1 cos(α+ φ+ ψ) + c2 cos(α− φ− ψ)) cos θ (43)
is a Morse function on U(2).4 This Morse function has four critical points
P (0) =
(
−1 0
0 −1
)
, P (1) =
(
1 0
0 −1
)
, P (3) =
(
−1 0
0 1
)
, P (4) =
(
1 0
0 1
)
.(44)
We denote the corresponding classical vacuums as |0〉, |1〉, |3〉 and |4〉 , respectively.
Around each critical point (ǫ1, ǫ2), h has the expansion
8h = (ǫ1c1+ǫ2c2)(8−(ǫ1x12−ǫ2x21)
2−(ǫ1y12+ǫ2y21)
2)−4ǫ1c1y
2
11−4ǫ2c2y
2
22. (45)
From this expansion one finds that
|0〉 = |0〉, |1〉 = |ξ〉, (46)
|3〉 = |η, x12 + x21, y12 − y21〉, |4〉 = |ξ, η, x12 − x21, y12 + y21〉,
where ξ = α+ φ+ ψ and η = α− φ− ψ. We introduce the following metric
gij =
1
2
tr
∂A†
∂θi
∂A
∂θj
, (47)
where the indices i denote θ, α, ψ and φ. The non-zero components of gij and
Christoffel symbols are
gii = 1, gφψ = gψφ = cos 2θ, (48)
Γθφψ = Γ
θ
ψφ = sin 2θ,Γ
φ
θψ = Γ
ψ
θφ = −
1
sin 2θ
.
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The covariant derivatives are
∇α = ∂α, ∇θ = ∂θ +
1
sin 2θ
(ψˆ∗φψˆψ + ψˆ
∗ψψˆφ), (49)
∇φ = ∂φ − sin 2θψˆ
∗ψψˆθ +
1
sin 2θ
ψˆ∗θψˆψ,
∇ψ = ∂ψ − sin 2θψˆ
∗φψˆθ +
1
sin 2θ
ψˆ∗θψˆφ.
Consider the following simultaneous transformation
θi, ψˆ∗θ
i
, ψˆθi → −θ
i,−ψˆ∗θ
i
,−ψˆθi , θ
i = α,ψ, φ, (50)
which makes the Morse function h invariant. Under this transformation the covari-
ant derivatives ∇α,∇ψ and ∇φ reverse the sings and ∇θ is invariant. Accordingly,
the supercharges dh, d
†
h and the Hamiltonian is invariant under (50).
The gradient flow equations are
dθ
dt
= −(c1 cos ξ + c2 cos η) sin θ,
dα
dt
= −(c1 + c2) sin θ sinα cos(φ+ ψ) + (c2 − c1) cos θ cosα sin(φ+ ψ),
dφ
dt
=
dψ
dt
= ((c2 − c1) sinα cos(φ+ ψ)− (c1 + c2) cosα sin(φ+ ψ))
cos θ
1 + cos 2θ
. (51)
The degrees of the freedom has reduced to three. Let us consider the equations in
the (θ, η)− plane. There are four fixed points (θ, η) = (0, 0), (0, π), (π, 0) and (π, π).
Around these fixed points the gradient flow equations (51) become simple:
θ ≃ 0,
dη
dt
= −2c2 sin η,
θ ≃ π,
dη
dt
= 2c2 sin η,
η ≃ 0,
dθ
dt
= −(c2 + c1 cos ξ) sin θ,
η ≃ π,
dθ
dt
= (c2 − c1 cos ξ) sin θ. (52)
One sees that (θ, η) = (0, 0), (π, π) are stable fixed points and that (θ, η) = (0, π), (π, 0)
are unstable fixed points irrespective to the value of ξ.
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The initial and the final conditions of a solution that connects P (0) and P (1)
are both cos θ cos η = −1. So, for solutions of (51) that connect P (0) and P (1), one
concludes that (θ, η) ≡ (0, π) or (π, 0). Under these conditions the gradient flow
equation of ξ becomes
dξ
dt
= ±2c1 sin ξ. (53)
There are exactly two instanton solutions that connect P (0) and P (1)
A =
(
e±iξ 0
0 −1
)
, 0 ≤ ξ ≤ π. (54)
For solutions that connects P (3) and P (4), one sees that (θ, η) ≡ (0, 0) or (π, π)
and that there are exactly two instanton solutions
A =
(
e±iξ 0
0 1
)
, 0 ≤ ξ ≤ π. (55)
By the transformation (50), ξ reverses the sign and the two instanton solutions
(54) ((55)) are interchanged each other. Under this transformation |0〉 and |3〉 have
even parities and |1〉 and |4〉 have odd parities. Therefor, there are not instanton
effects in the processes P (0) → P (1) and P (3) → P (4). Our result for U(2) is that
|0〉, |1〉, |3〉 and |4〉 are all true vacuums. This result agrees with the de Rham
cohomology of U(2); bp = 1 for p = 0, 1, 3, 4 and bp = 0 for the others. Our result
is one of the examples of the Kunneth formula for a product manifold M × N
:bk(M ×N) =
∑
p+q=k
bp(M)bq(N).
7 SUMMARY
We have studied supersymmetric quantum mechanics on RPn,SO(n),G2 and U(2)
as concrete examples of Witten’s Morse theory. We have identified all the true
vacuums for each theory. The number of the true vacuums agrees with the de Rham
cohomology for each manifold. We have seen that the simple instanton picture that
the author proposed for SO(n)4 holds for the above manifolds. For each pair of
adjacent classical vacuums, there are exactly two instanton solutions which are
15
interchanged by a reflection transformation of the theory. Owing to the reflection
symmetry, it is easy to decide whether the two instanton effects cancel each other
or not.
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APPENDIX:MULTIPLICATION RULE in G2
and EMBEDDING
We note the multiplication rule in G2. For elements ai of G2, the following expan-
sions by octonians ej are taken into account
ai =
7∑
j=1
ajiej =


a1i
...
a7i

 .
Note that e0 = 1 does not appear in the expansion.
Table. II.
The multiplication rules of octonians are defined as usual(see Table II); for example,
e1e2 = e3,e5e3 = −e6,and e
2
i = −1, eiej = −ejei(i 6= j). Explicitly, a3 = a1a2 is
given by
a3 =


−a31a22 + a21a32 − a51a42 + a41a52 − a71a62 + a61a72
a31a12 − a11a32 + a61a42 − a41a62 − a71a52 + a51a72
−a21a12 + a11a22 − a71a42 − a61a52 + a51a62 + a41a72
a51a12 − a61a22 + a71a32 − a11a52 + a21a62 − a31a72
−a41a12 + a71a22 + a61a32 + a11a42 − a31a62 − a21a72
a71a12 + a41a22 + a51a32 − a21a42 − a31a52 − a11a72
−a61a12 − a51a22 − a41a32 + a31a42 + a21a52 + a11a62


.
An element A of G2 is embedded into O(7) as follows
4
A = (a1, a2, a4)→ (a1, a2, a1a2, a4, a1a4, a4a2, a1a4a2) ∈ O(7).
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TABLE I. Symmetry transformations that interchange the two instanton solu-
tions (41) with α = β. The minus signs mean that the corresponding elements aki
,i = 1, · · · , 4, k = 1, · · · , 7, reverse the signs(a3 is not independent).
1 2 3 4
1 + − − +
2 − + + −
3 − + + −
4 + − − +
5 + − − +
6 − + + −
7 − + + −
1 2 3 4
1 + − + +
2 − + − −
3 + − + +
4 + − + +
5 − + − −
6 + − + +
7 − + − −
1 2 3 4
1 + − + −
2 − + − +
3 + − + −
4 − + − +
5 + − + −
6 − + − +
7 + − + −
1 2 3 4
1 + − − −
2 − + + +
3 − + + +
4 − + + +
5 − + + +
6 + − − −
7 + − − −
TABLE II. Multiplication table of octonians ej .
e1 e2 e3 e4 e5 e6 e7
e1 −1 e3 −e2 e5 −e4 e7 −e6
e2 −e3 −1 e1 −e6 e7 e4 −e5
e3 e2 −e1 −1 e7 e6 −e5 −e4
e4 −e5 e6 −e7 −1 e1 −e2 e3
e5 e4 −e7 −e6 −e1 −1 e3 e2
e6 −e7 −e4 e5 e2 −e3 −1 e1
e7 e6 e5 e4 −e3 −e2 −e1 −1
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